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Abstract
The Casimir force F = − pi2~c
240a4
, which attracts to each other two perfectly conducting parallel
plates separated by the distance a in vacuum, is one of the blueprints of the reality of vacuum fluc-
tuations. Following the recent conjecture, that quantum fields should be described in terms of the
fields depending on the resolution of measurement, rather than the position alone (M.V.Altaisky,
Phys. Rev. D 81(2010)125003), we derive the correction to the Casimir energy depending on the
ratio of the plate displacement amplitude to the distance between plates.
PACS numbers: 12.20.Ds, 12.20.Fv
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The Casimir force is the result of the dif-
ference of the vacuum zero point energy of the
two different configurations: the rectangular
volume Lx × Ly × a bounded by two paral-
lel conducting walls, and that of the same
volume not bounded by conducting walls.
In the former case, the electromagnetic field
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bounded between conducting walls is said to
be dimensionally quantized, while in the lat-
ter case the frequency spectrum is continu-
ous. The energy difference between these two
configurations cannot be measured directly,
but it varies with the variation of the gap
a, and this variation can be measured as the
Casimir force.
In 1948 Casimir conjected that the force
1
between two parallel conducting planes de-
pends only on two universal constants, ~ and
c, and the distance between the plates a [1].
The first attempt to measure the Casimir
force has been undertaken in 1958 [2]. Later
the Casimir force have been measured with
an atomic force microscope [3, 4]. A lot of
studies related to the Casimir effect are being
carried out in different branches of nanome-
chanics and photonics now, see e.g. [5, 6] and
references therein for recent review.
In the dimensionally quantized case the
zero point energy of the electromagnetic field
between conducting plates is
EQ =
~c
2
∑
α
|kα| = ~c
2
∫
LxLydk
2
‖
(2pi)2
[
|k‖|+
+ 2
∞∑
n=1
(
k2‖ +
pi2n2
a2
)1/2]
, (1)
where factor 2 with the sum over discrete
spectra accounts for two possible polariza-
tions of the electromagnetic field; k‖ ≡
(kx, ky). The energy of the same field free
of any boundary conditions is expressed as
integral over continuous spectra
E0 =
~c
2
∫
LxLydk
2
‖
(2pi)2
∫ ∞
−∞
2
dkz
(2pi)
(
k2‖ + k
2
z
)1/2
.
(2)
Both integrals (1,2) are evidently infinite, but
their difference
E = EQ −E0
LxLy
, (3)
known as the Casimir energy, can be regu-
larized if the r.h.s. of the equations (1,2) are
multiplied by some cutoff function f(k), such
that f(0) = 1 and f
(
k ≫ 1
a0
)
→ 0, where
1/a0 is the inverse size of atom. This specific
choice accounts for the fact, that the walls
are metallic plates made of real atoms, rather
than of an ideal conductor.
Such choice of the cutoff function f is
practically appropriate, but does not relate
the calculated ultra-violet infinities to what
is really measured at the finite scale of mea-
surement δ, see Fig. 1. The conjecture, relat-
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FIG. 1: Shift of the upper conducting wall from
z = a to z = a − δ changes the Casimir energy
from E(a, δ) to E(a− δ, δ)
ing the quantum fields to the aperture func-
tion of the measurement taken with resolu-
tion δ was given in [7]. The aperture function
g(x) = −xe−x2/2 leads in one-loop approxi-
mation, up to appropriate rescaling, to the
cutoff function
f(k) = e−4δ
2k2 . (4)
After the choice (4) the regularized Casimir
2
energy is (see §3.2.4 of [8]):
E = ~cpi
2
4a3
[F (0)
2
+ F (1) + F (2) + . . .
−
∫ ∞
0
dnF (n)
]
,
F (n) =
∫ ∞
0
du
√
u+ n2e−4pi
2 δ
2
a2
(u+n2)
=
√
pi
2
(
2piδ
a
)3[1− erf
(
2piδ
a
n
)
+ (5)
+ 4
√
pi exp
(
−
(
2piδ
a
)2
n2
)
δ
a
n
]
.
The difference between the sum and the in-
tegral in (5) is evaluated by Euler-Maclaurin
formula
1
2
F (0) + F (1) + . . .−
∫ ∞
0
dnF (n) =
= − 1
2!
B2F
′(0)− 1
4!
B4F
′′′(0)− . . . ,
where Bn are the Bernoulli numbers. This
gives the corrections to the Casimir energy
E(a, δ) = − ~cpi
2
720a3
[
1 +
2
7
(
2piδ
a
)2
+
+
3
28
(
2piδ
a
)4
+ . . .
]
, (6)
and the Casimir force
F(a, δ) = − ~cpi
2
240a4
[
1 +
10
21
(
2piδ
a
)2
+
+
1
4
(
2piδ
a
)4
+ . . .
]
, (7)
respectively.
We would like to emphasize, that if the
conjecture of the previous paper [7] is physi-
cally correct, and so the resolution of mea-
surement δ is a real physical parameter,
which constraints maximal momenta of the
field fluctuations, rather than being a formal
regularization parameter, the deviations from
the standard results should be observed if we
compare two measurements with the same
gap between planes, but different resolution.
In Fig. 2 below we present the compari-
son of the “exact” Casimir force between two
plates in vacuum (δ = 0), and that calculated
according to (7) with δ/a = 0.1.
 0
 1
 2
 3
 4
 5
 6
 7
 8
 9
 10
 0.2  0.3  0.4  0.5  0.6  0.7  0.8
|F|
, d
yn
/cm
^2
a, µm
"exact"
10% "accuracy"
FIG. 2: Deviation of Casimir force between
two plates of unit area in vacuum. The solid
line corresponds to the “exact” Casimir force
(δ = 0), the dashed line corresponds to the scale-
dependent Casimir force with δ/a = 0.1
The dependence of the Casimir force on
the cutoff parameter have been already sug-
gested in the framework of the quantum field
theory problem scaled to a condensed matter
effective theory [9], where the inter-atomic
distance plays the same role as the Planck
length in high energy physics. It was con-
cluded that actual Casimir force should be
3
stronger than that predicted by conventional
Casimir theory. The dependence on the cut-
off scale also raises some criticism against
the application of regularization methods to
Casimir effect, specially for spherical geome-
try [10].
Interestingly, in present experiments the
separation between plates is corrected by the
factor 1 +
(
δ
a
)2
, derived from the Taylor ex-
pansion of the Casimir force, to account for
the r.m.s. fluctuations of the random envi-
ronment [11]. Our correction to the Casimir
force due to the finite resolution of the mea-
surement, given by Eq.(7) is also consistent
with the limits posed by the precise measure-
ment of the Casimir force given in [12] with
the resolution δ/a ≈ 4 · 10−3. The choice
of the scale parameter δ as a displacement
amplitude is one of the possible simplifica-
tions. (Here we do not regard the dynami-
cal effects [13].) For real experiments an im-
portant characteristics of the setup is a ratio
of the boundary layer thickness to the dis-
tance between plates, which may be of order
h/a ∼ 10−4 ÷ 10−2 [14]. With decreasing of
the boundary plate thickness, according to
the Lifshitz theory [15], the electron plasma
of metal boundaries become utmost transpar-
ent for high frequency photons [16], and the
ratio h/a plays a role of another cutoff pa-
rameter.
An experimental study of the corrections
to the Casimir force is certainly a challenging
problem, where the dielectric permeability of
the media should be taken into account at
finite temperatures [4, 17, 18].
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